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The inspiration: UMAP

UMAP: Uniform Manifold Approximation and Projection
[McInnes et al., 2018]
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The inspiration: UMAP

The paper models the high-dimensional dataset as a
fuzzy simplicial complex
before the projection.

However, in practice, the UMAP algorithm does not really use
the available fuzzy information.

This leaves us with two open questions:



The inspiration: UMAP

The paper models the high-dimensional dataset as a
fuzzy simplicial complex
before the projection.

However, in practice, the UMAP algorithm does not really use
the available fuzzy information.

This leaves us with two open questions:

What information can be extracted from a
fuzzy simplicial complex?

What would its homology be like?



The closest work we have found is this article:

Singular homology groups of fuzzy topological spaces
[Wang-jin and Chong-you, 1985]

Disadvantages:

It does not exactly match our question.
Impossible to translate into a computational framework.



We saw that no one had defined the homology of a fuzzy simplicial
complex. So, what do we do?

We make it up ourselves!

But first, we need to define:

What simplicial homology is and how it is computed.
What fuzzy sets and L-fuzzy sets are.



Simplicial Homology

We start with a simplicial complex A:
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Let R be a principal ideal domain, and define the chain complex:
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=36 =06 — G —

where the boundary operator 04 maps each d-simplex to the
(d — 1)-simplices on its boundary.



Simplicial Homology

The boundary operator 9, can be encoded as a matrix M.

We define the following submodules of C,:

Cycles submodule: Z; = ker(04) C Cy
Boundaries submodule: B; = Im(9,4,1) C Cy

Since 9% = 0, we have By C Z, and can define:

Homology of A: H; = é—j



Simplicial Homology: Summary

To compute homology we need:
A simplicial complex
R-modules

Kernel and image of a homomorphism between R-modules
Quotient of R-modules



Simplicial Homology: Summary

To compute L-fuzzy homology we need:

An L-fuzzy simplicial complex
L-fuzzy R-modules

Kernel and image of a homomorphism between L-fuzzy
R-modules

Quotient of L-fuzzy R-modules

So, we are going to define the L-fuzzy versions of all these concepts.



A completely distributive lattice (CDL) is a poset (L, <) where:

Every S C L hasameet \ S € L, which is the greatest lower
bound of S.

Every S C Lhasajoin\/ S € L, which is the least upper bound
of S.

There is a global minimum and maximum: 0,1 € L.

The meet and join are completely distributive:

AVE=V At o3V Ab= A Vi

fed i fed i



Examples of CDLs

Totally ordered sets such as{0, 1} and [0, 1] are CDLs.
The free distributive lattice FDL(x, y):
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L-fuzzy sets

Definition
GivenasetXandaCDLL,an L-fuzzy subsetisamap p: X — L.




L-fuzzy sets

Definition
GivenasetXandaCDLL,an L-fuzzy subsetisamap p: X — L.

The value p(x) € L represents the degree of membership of x
respect to the L-fuzzy subset:

ux)=0 0<px) <1 ux) =1
x isnot a member | x is partially a member | x isa member

We say that u C vif u(x) < v(x) ¥x € X.

When L = {0, 1}, we are just describing the classical (crisp)
subsets of X.

The first definition from [Zadeh, 1965] only considers L = [0, 1].



L-fuzzy simplicial complexes

Definition
Given a simplicial complex A and a CDL L, an L-fuzzy subcomplex is
amap pu: A — Lsuch that:

if o C 1, then u(o) > ().



L-fuzzy simplicial complexes

Definition
Given a simplicial complex A and a CDL L, an L-fuzzy subcomplex is
amap pu: A — Lsuch that:

if o C 1, then u(o) > ().

Two L-fuzzy simplicial complexes with L = [0, 1] and L = FDL(x, y):
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L-fuzzy modules

Definition
Given an R-module M and a CDL L, an L-fuzzy submodule is a map
i : M — L such that:

w(0) =1, upx+y) =px) Auly) and p(r-x) > px).



Extension principle

Definition (Extension Principle)

Letf: X — Ybeamap,andletpu: X — Landv:Y — L be L-fuzzy
subsets.

The image of punder f is the L-fuzzy subset (1) : ¥ — L
defined by

F ) = k) [ f(x) =y).

The preimage of v under f is the L-fuzzy subset f~1(v) : X — L
defined by




Quotient of L-fuzzy submodules

Definition

Letu,v: M — L be two L-fuzzy submodules such that 1 C v.

Then the quotient of v with respect to | is an L-fuzzy submodule
(v/u) : M/{u*) — L defined by:

( ) =\/v(@2) | z€lx

where x € (v*) and [x] denotes the coset x + (p*).




Quotient of L-fuzzy submodules

Definition

Letu,v: M — L be two L-fuzzy submodules such that 1 C v.

Then the quotient of v with respect to | is an L-fuzzy submodule
(v/u) : M/{u*) — L defined by:

( ) =\/v(@2) | z€lx

where x € (v*) and [x] denotes the coset x + (p*).

Remark
We already have all the ingredients to define the L-fuzzy version of
simplicial homology. Let’s do it!




L-fuzzy simplicial homology

Definition
Let A be asimplicial complex, 1 : A — L an L-fuzzy subcomplex and
Cy the R-module of d-chains generated by Ay = {041, . . ., Od N, -

We define the L-fuzzy subset of d-simplices 5, : C; — L as:
N,
8¢ = Ui21(04,) (oy))

x\Vy X X
’

2 x ifc=[vo,vi]

x ifc=[vp, vsl,

X fc=I[vy, vy,

51(C) = X i [vi, vo

y ifc=[vy,vs],

" x ifc=[vy,val,

Iy X Ny 0 forany other 1-chain



L-fuzzy simplicial homology

Definition

Let A be asimplicial complex, 1 : A — L an L-fuzzy subcomplex and

Cy the R-module of d-chains generated by Ay = {041, . . ., Od N, -
We define the L-fuzzy submodule of d-chains x4 : C; — L as:
Kd = (8q)-

x\Vy X X

v 1 = [vo, vi]

V3

K]_(O) = 1
ki(c1) = x

) Vi

xVy x\Vy



L-fuzzy simplicial homology

Definition
Let A be asimplicial complex, 1 : A — L an L-fuzzy subcomplex and
Cy the R-module of d-chains generated by Ay = {041, . . ., Od N, -

x\Vy

V3

Yo

xVy

We define the L-fuzzy submodule of d-chains x4 : C; — L as:
Kd = (8d)-

X xVy

¢y = [vo, vil + [v1, v3] — [vo, v3]

K]_(O) = 1
ki(c1) = x
Ki(ca) = xAy



L-fuzzy simplicial homology

Definition
Let A be asimplicial complex, i : A — L an L-fuzzy subcomplex and
Cq the R-module of d-chains generated by Ay = {0¢ 1, ..., Ogn,}-
We define the L-fuzzy submodule of d-chains k, : C4 — L as:
Kg = (8a)-
oy . o 3= [Vo,vi] + [vi,vo] + [v2, va] — [vg, v3]
Kl(O) = 1
Ki(c1) = x
Ki(ez) = xAy
" " ki(c3) = x
x\Vy X xVy




L-fuzzy simplicial homology

Definition
Let A be asimplicial complex, 1 : A — L an L-fuzzy subcomplex and
Cy the R-module of d-chains generated by Ay = {041, . . ., Od N, -
We define the L-fuzzy submodule of d-cycles (; : C4 — L as:
(g =KgN a;l(ol) = Kq N (ker 94)1 € IM(Cy, L).
We define the L-fuzzy submodule of d-boundaries 3, : C4 — L
as:
Bd = Kg M gy1(Kgt1) € IM(Cy,L).

Proposition

Bag C Cg C Ky



L-fuzzy simplicial homology

Definition
Let u: A — L be an L-fuzzy subcomplex. We define the L-fuzzy d-th
homology submodule of u as:

Cd‘<c;> (&)

: L.

Ng =

Remark
If uw* = Aand 0 is meet-primein L, thenny : Hy — L and

\/{Kd JIcelh




L-fuzzy simplicial homology

Consider the homology class [c;].

x\Vy X X x\Vy X X
L J v

V2

V1 Vo

x\Vy X xVy x\Vy X x\Vy

¢y € [co] and ky(ca) = x Ay. c3 € [co] and k1(c3) = x.

Any other cycle ¢ € [c,] satisfies k1 (c) = x /A y. Then,

mle]) = xAy) Vx=x.



L-fuzzy simplicial homology

For each lattice value [ € L thereis a level submodule:
;' = {lh € Hy | a(lh) > 1} C Hg
The submodules ni’ form a lattice which fully describes n,.

How can we compute the level submodules nf/?



L-fuzzy simplicial homology

For each lattice value [ € L there is a level submodule:
;' = {lh € Hy | a(lh) > 1} C Hg

The submodules nil form a lattice which fully describes n,.

How can we compute the level submodules nf/?

The generalideaiis:
While computing Hy, we reduce M, to its SNF M.

We get the change-of-basis matrix MZ"’.

We use Mg"’ to state some equations systems which help us to
computeny([h]) and ni’.

This is always valid, for any coefficient ring R and any lattice L.



The case with field coefficients

Consider now coefficients in a field F.
We want to describe the L-fuzzy homology with a simple invariant.

Definition
Let VV be an F-vector space, let 1 : V — L be an L-fuzzy subspace and
let B={vy, ..., vy} be abasis of V. We say that B generates |1 if:

W+ +mve) =\ wv).

Inthat case, u(B) = {u(v;) |i=1,..., n}is the fuzzy multiset of B.

Does such a basis always exist?



The case with field coefficients

Definition
Let L be a CDL. We say that S C L is a semi-chain if every value in Sis
incomparable to at most another value in S.

In general, a semi-chain looks like this:

= . =
o—>o\.>o\.>o—>o—>o\.

Example
Any totally ordered set is a semi-chain.

Example

FDL(x, y) is a semi-chain.



The case with field coefficients

Proposition

Let VV be an F-vector space and let i : V — L be an L-fuzzy subspace.
Suppose that{w(u) | u € V} C Lis a semi-chain.

Then, there exists a basis Bof V/ that generates .. Moreover, if another
basis B’ generates 1 too, then w(B) = n(B').

In this case, the multiset 1(B) is independent of the generating
basis B, and we define the L-fuzzy rank of \ as Rank(p) = w(B).



The case with field coefficients

Let u: A — L be an L-fuzzy simplicial subcomplex such that
{u(o) | o € A}is asemi-chain. Then the sets

{kglc) lceCqt and  {ngle) | e € Hy}

are semi-chains as well, and Rank(ny) is well defined.

How can we compute Rank(ny) ?



The case with field coefficients

Let u: A — L be an L-fuzzy simplicial subcomplex such that
{u(o) | o € A}is asemi-chain. Then the sets

{kglc) lceCqt and  {ngle) | e € Hy}

are semi-chains as well, and Rank(ny) is well defined.
How can we compute Rank(ny) ?

By applying zigzag homology.



The case with field coefficients

We will explain how to compute Rank(ny) when L = FDL(x, y), and
the same idea will apply to any semi-chain.

We start with the semi-chain FDL(x, y) (o — b means a < b):

X

0+xAy: :xVy+1

y

We “splititin half”, getting the sequence:

1 xVy+x<xANy+0—=>xANy—-y—->xVy—1



The case with field coefficients

Denoting Al = =/, we get the zigzag diagram:
Al C Ax\/y C AX C AX/\y C AO > AX/\'V ») A ») Ax\/y ») Al.
This induces the zigzag homology module:
Hy: Hy = HYY = Hy s HY 5 HS « HYY « )« HYY « H,
whose barcode is
B(Hd) = {[Gj, bj] |] =S| N}.

We must interpret the interval [x, y] as {x,x Ay, 0,x Ay, y}.



The case with field coefficients

Proposition

Let u : A — FDL(x,y) an L-fuzzy subcomplex, and letn, : Hy —
FDL(x, y) be the associated L-fuzzy homology submodule. Then,

Rank(nd) = {Clj Vv bj ‘ [Gj, bj] S B(Hd) and0 € [Gj, bj] .
The same statement holds for any semi-chain.

Let’s see how to apply this proposition.



L-fuzzy Betti curve

Consider this bichromatic dataset and a filtration over it.
We can model it as an L-fuzzy dataset with L = FDL(x, y).

Point Cloud

4.0 1 & ® Classx
® Classy
3.51
3.01
2.54
> 2.0 A
1.5 1
1.0 A

0.5 1

0.0 1




L-fuzzy Betti curve

The last Proposition gives us a sequence of L-fuzzy ranks, which
results in the L-fuzzy Betti curve of 1.

Cumulative Betti Curve - Dimension 0

Betti number

T T T T T T
0.0 0.5 1.0 15 2.0 2.5
Filtration value



L-fuzzy Betti curve

The last Proposition gives us a sequence of L-fuzzy ranks, which
results in the L-fuzzy Betti curve of 1.

Cumulative Betti Curve - Dimension 1

2.00 1 I xory
/oy
1.751 B x
xandy
1.50 m— Crisp
5 1251
Ee
£
2 1.00 A
(1)
@ 0.75 4 /
0.50 1
0.25 1
0.00 +
T T T

T
0.0 0.5 1.0 15 2.0 2.5
Filtration value



L-fuzzy Betti curve

We can also compute the L-fuzzy Euler characteristic of 1.

Cumulative Euler Characteristic

71 xory
y
6 X
I xandy
5 — Crisp
4
34
2
14
0
~14
T T T T T T
0.0 0.5 1.0 15 2.0 2.5

Filtration value
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The free distributive lattice FD



Appendix: The case with field coefficients

Example
IfL ={0, 1}, any n € IM(V, L) is simply a crisp subspace £ C V.
Ifdim(E) = m < n, then

m n—m
——
Rank(p) = {1 ..... 1,0,..., 0} .




Appendix: The case with field coefficients

Example

Let V = R? and consider u € IM(V, FDL(x, y, z)) defined by:

1 ifrp =r, =0,
XNy ifri =r; #0,
wi(r,n))=<xAz ifrp =0andr, #0,
y/N\z ifr,=0andr; #0,
x/A\y/\z otherwise.

{w(u) | u € V}is not a semi-chain becausex A\ y,x Azandy /\ zare
mutually incomparable, and there is no basis B that generates p.




Appendix: L-fuzzy Betti curve

Consider a fuzzy dataset like this and build a filtration over it. We
can apply this theorem on each complex in the filtration.

Fuzzy dataset

4.0 4 0.6
3.5
3.0 0.3 0.3
2.5
> 2.0 0.8 0.8
1.5
1.0
0.5

0.0 1.0 1.9




Appendix: L-fuzzy Betti curve

This gives us a sequence of L-fuzzy ranks, which results in the
L-fuzzy Betti curve of 4.

Cumulative Betti Curve - Dimension 0
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Appendix: L-fuzzy Betti curve

This gives us a sequence of L-fuzzy ranks, which results in the
L-fuzzy Betti curve of 4.

Cumulative Betti Curve - Dimension 1
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Appendix: L-fuzzy Betti curve

We can also compute the L-fuzzy Euler characteristic of 1.

Cumulative Euler Characteristic
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