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Vietoris-Rips filtrations

Consider a set of points Z = {z1, 22, . . ., 2, } With a symmetric
non-negative function d,: Z x Z — R*.

Given r > 0, the 1-skeleton of the Vietoris-Rips complex is a
graph VR, (Z) such that:

B 7 is the vertex set
B [z, 7] is anedge if and only if d(z,2') <r

The Vietoris-Rips filtration of Z is VR(Z) = {VR,(Z2)},cr+
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Vietoris-Rips filtrations

Radius = 5

. Note that:

20 o ® TSS:>VR//*(Z) gVR‘S(Z)
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0-persistent homology

Given r > 0, the 0-homology group Hy(VR,.(Z2)) is the free
Zy-vector space generated by the connected components of
VR, (Z).

The 0-persistent homology of VR(Z), denoted PH,(Z2), is
composed by:
B The set of 0-homology groups {Ho(VR,(Z))},cr+
W Linear maps {p7: Ho(VR,(Z)) = Ho(VRs(2))}, .
induced by the inclusions VR, (Z) C VR(Z).
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0-persistent homology

PHy(Z) tracks the life of connected components in VR(Z).

B The items in PHy(Z), called classes, are born at 0 since
VRy(Z) is the set of vertices with no edges.
B As r increases, some classes merge with others and die. A
class [z;] € mo(VRo(Z)) dies atb > 0 if:
1) p&o([25]) = [2] for all £ € R with ¢ < b.
2) pgp([2;]) = [zi], for some ¢ < j. Thatiis, [z;] + [2i] € ker p,.
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Barcodes

Birth and deaths in PH((Z) are stored in a barcode
B(Z) = (5%, m”) with representation
Rep B(Z) ={ (b,¢) | be S and ¢ € {1,2,...,m”(b)} }.

" Radius = 5 Persistence barcode
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Comparing barcodes

Now consider another set of points X = {z1,x2,...,z,} with a
symmetric non-negative function dx: X x X — R and a
bijection:
fo: X — Z
T; = Z

We want to find the difference between B(X) and B(Z).
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Comparing barcodes

A classical method is the ¢-Wasserstein distance:
1/q
— 3 _ pla
(a,f)eRep B(X)

1((a,0))=(b,t)

M is the set of all partial matchings : Rep B(X) - RepB(Z).
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Comparing barcodes

W, compares all the possible partial matchings in A and uses
the optimal one.

However, the bijection f,: X — Z induces an isomorphism:
fo: Ho(VRo(X)) = Ho(VRo(2))

and therefore a specific partial matching a?« e M.
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Induced matching distance

Then, we propose the ¢-induced matching distance:

1/q

df,(B(X),B(%)) = > la-of

(a,l)€Rep B(X)
o9 ((a,t)=(b,0)

Clearly, W, (B(X),B(2)) < d} (B(X),B(2))
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Induced matching distance

Let X, be the set of points Py, Py, P3, P4 at time 0.
Let X, be the set of points Py, Py, P35, P4 at time 1.
The bijection fo: Xo — X is the trivial one, fo(P;) = P;.

Dataset at Time 0 Dataset at Time 1

17 17
16 16

P4 P4
15 ° 15 ®

P1 P3
14 L4 144 L
P2 Pl

13 1S 134 e
12 12
11 11

P3 P2
10 L2 1.0+ e
0.9 1 0.9
08 y T T y T T T T 0.8 T T T T y T T T

08 09 10 11 12 13 14 15 16 L7 08 09 10 11 12 13 14 15 16 17
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Induced matching distance

These are the partial matchings that define the distances
Wq(B(Xo), B(X1)) and df, (B(Xo), B(X1))

Matching given by in distance
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Application: Robot fleet navigation analysis

As an application, we aim to use d‘}o to compare three local
navigation algorithms or behaviors for robots:

B Human-Like (HL)
B Optimal Reciprocal Collision Avoidance (ORCA)
B Social Force (SF)
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Navground

We use Navground, a Python simulator for robots navigation.

Corridor scenario: s
B 15m long, 3.5m wide, both _ ;
ends connected. - .
B 10 agents with 0.8m of
diameter and 1.2m/s of . >
optimal speed.
]

B 5 agents driving left, 5 oS . v,

agents driving right.

We run 200 simulations with 900 steps for each behavior type.
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Induced matching signal

Given a simulation, we apply the following steps:

900
)y

Fort=1,2,...,850, Z = {2 = {al,al 10, alys50} }1oy

DTW as distance —{ VRo(Z)},") — {B(Z)}, )

t=1
Fort=1,...,800,
fo: Zv = Ziiso — m = {d}é(B(Zt)yB(Zt-%O))

1. Fori=1,...,10, Agenti — a' = {af;:(:vf;,yzf,ai

A0 DD

800
t=1

m is called the induced matching signal of the simulation
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Induced matching signal

We get 600 induced matching signals, 200 for each behavior.

Summary of Matching (DTW) Signals

— HL
— ORcA
121 — SocialForce

Value
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ResNet time series classifier

Induced matching signals can be used to predict the behavior.

B ResNet classifier for time series
B 420 signals for training

B 60 signals for validation

B 120 signals for testing
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ResNet time series classifier

We got almost perfect results:

Confusion Matrix for Training Data 140 Confusion Matrix for Test Data
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